Abstract. Let M be an ideal in K[x 1 , . . . , xn] (K is a field) generated by products of linear forms and containing a homogeneous regular sequence of any length. We prove that ideals containing M satisfy the Eisenbud-GreenHarris conjecture preserving the Cohen-Macaulay property and conclude that monomial ideals satisfy this conjecture. We obtain that h-vectors of CohenMacaulay flag simplicial complexes are the face vectors of simplicial complexes.
Introduction
The Eisenbud-Green-Harris (EGH), in the general form, states that for every graded ideal I of height t in K[x 1 , . . . , x n ], where K is a field, containing a regular sequence f 1 , . . . , f t of degrees a 1 ≤ ⋯ ≤ a t , there exists a graded ideal containing x a1 1 , . . . , x at t with the same Hilbert function. In this article, we prove the conjecture when (f 1 , . . . , f t ) ⊆ M ⊆ I, where M is a totally reducible ideal (see definition 3.1). We conclude that the EGH conjecture is true when I is a monomial ideal. A related result was proved in [3] when I is generated by monomials of degrees 2 and in [4] when I is a monomial and f 1 , . . . , f t is a monomial regular sequence. In addition we prove that the Cohen-Macaulay property is preserved.
In [6, Corollary 4.5], Stanley proved that h-vectors of balanced Cohen-Macaulay simplicial complexes are f -vectors of a simplicial complexes. We prove that hvectors of Cohen-Macaulay flag simplicial complexes are f -vectors of simplicial complexes.
Preliminaries and notations
A proper ideal I in S = K[x 1 , . . . , x n ] is called graded or homogeneous if it has a system of homogeneous generators. Let R = S I, where I is a homogeneous ideal. The sequence H(R) = {H(R, n)} n≥0 , where H(R, n) ∶= dim K R n = dim K S n I n is called the Hilbert function of I (or R), and H R (t) = ∑ 0≤n∈Z H(R, n)t n is the Hilbert series of R. For simplicity, we denote the dimension of a
Throughout this paper A = (a 1 , . . . , a n ) ∈ Z n , where a 1 ≤ ⋯ ≤ a n . For a subset A of S, we denote by Mon(A) the set of all monomials in A.
We define the lex order on Mon(S) by setting
) or deg(x monomial ideal I ⊆ S is called lex, if whenever I ∋ z < lex w, where w, z are monomials of the same degree, then w ∈ I. A monomial ideal I is A-lex-plus-powers if there exists a lex ideal L such that I = ⟨x a1 1 , . . . , x an n ⟩ + L. A simplicial complex ∆ on the set A = {1, . . . , n} is a collection of subsets A such that
• {i} ∈ ∆ for every 1 ≤ i ≤ n.
• If F ∈ ∆ and G ⊆ F , then G ∈ ∆.
Each element F ∈ ∆ is called a face of ∆. A maximal face of ∆ with respect to inclusion is called a facet and we will denote by F (∆) the set of facets of ∆. The dimension of the face F is F − 1 and the dimension of ∆ is max{dim F ∶ F ∈ ∆}. We denote by f i = f i (∆) the number of faces of ∆ of dimension i. The sequence
, where d − 1 is the dimension of ∆, is called the f -vector of ∆. The Stanley-Reisner ideal of ∆ is the ideal I ∆ of S generated by x i1 ⋯x ij where1 ≤ i 1 < ⋯ < i j ≤ n and {i 1 , . . . , i j } ∉ ∆. The Stanley-Reisner ring is defined by
A simplicial complex is called flag if all its minimal nonfaces have cardinality two, i.e. the Stanley-Reisner ideal is generated by square-free monomials of degree two.
is Cohen-Macaulay.
The main results
Definition 3.1. A graded ideal in S is called totally reducible if it is generated by products of linear forms.
Lemma 3.2. Let K be an infinite field and I be an ideal of S
Assume that I is a totally reducible ideal that containing a regular sequence g 1 , . . . , g t with deg(
Proof. Suppose that we found f j , where 1 ≤ j < t. Let P 1 , . . . , P r be the minimal prime ideals over
It follows that there is f j+1 ∈ I aj+1 that avoids every P i . Note that S is Cohen-Macaulay and F is generated by ht(F ) elements. So F is unmixed and it follows that f j+1 is a non-zero-divisor in S F . 
. Without loss of generality, we may assume that
By considering the short exact sequences
we see that H(S I, t) is equal to
for all t ≥ 0.
⟩ is a totally reducible ideal that containing a regular sequence f 2 , . . . , f t . For all 0 ≤ i ≤ r − 1, S ⟨ℓ i+1 ⟩ is isomorphic to S = K[x 2 , . . . , x n ], so by the inductive step there is an ideal in S containing x Claim:
Proof of the claim:
, and proving the claim.
There exists a monomial u in ⋃ 0≤i≤r K i such that u w; i.e., w = vu for some monomial v ∈ S. If u ∈ K r , then w ∈ K r . Assume that u = zx
. Hence, we proved the claim. Remark 3.6. It is easy to prove the case t = n in corollary 3.5 without using theorem 3.4: If f 1 , . . . , f n is a regular sequence in M and x 2 j ∉ supp(f i ) for some j and all 1 ≤ i ≤ n, then P = (f 1 , . . . , f n ) ⊆ (x 1 , . . . , x j−1 , x j+1 , . . . , x n ). It follows that ht(P ) ≤ n − 1, a contradiction. So for every 1 ≤ j ≤ n there is 1 ≤ i ≤ n such that x 
The following theorem shows that the Cohen-Macaulay property is preserved. Proof. Let ∆ be a Cohen-Macaulay flag simplicial complex. Assume that t = ht(I ∆ ) and f 1 , . . . , f t is a regular sequence in Thus ∆ is an octahedron because it has eight facets. 
